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ABSTRACT 

The quantum calculus emerged as a new type of unconventional calculus relevant to both 
mathematics and physics. The study of quantum calculus or q-calculus has three hundred years of 
history of development since the era of Euler and Bernoulli, and was appeared as one of the most 
arduous techniques to use it in mathematics as well as physical science. At present, it is used in 
diverged mathematical areas like number theory, orthogonal polynomials, basic hypergeometric 
functions, etc. Furthermore, in order to get analytical approximate solutions to the ordinary as well 
as partial differential equations, q-reduced differential technique and quantum separation of variable 
technique are used in mathematics, Mechanics, and physics. In this paper, Laplace’s equation, a 
well-known equation in both Physical and Mathematical sciences, has been solved extensively 
based on the basics of q — calculus, q — transformation methods, and q-separation of variable 
method. In addition, solutions to the Laplace’s equation as obtained by using different boundary 
conditions are revisited and reviewed. Consequently, all the necessary basics of q-calculus are 
displayed one by one, and thereafter, the process of finding its solution in view of quantum calculus 
is described extensively. In order to find out the exact solutions the dimensionality of all the 
parameters related to the problem has been described. As an essential outcome, it is also found that, 
as q tends to 1, the solution takes the form as it is in general physics. Hence, this article presents a 
review and extension that describe the solution to Laplace’s equation in view of both Leibnitz and 
quantum calculus. Thus, it can add a pedagogical exercise for the students of both physical and 
mathematical sciences to understand the usefulness of quantum calculus. 

Keywords— quantum calculus, q-calculus, Laplace’s equation, q-transformation method, q- 
separation of variable method. 


1. Introduction 

Quantum calculus is basically a different type of calculus provided a different perspective to solve 
problems in science and engineering. It is a non-Newtonian calculus without limit and was 
introduced a long back by L. Euler (1707-1783) and Carl G. Jacobi (1804-1851). The q —calculus 
deals with unconventional calculus and reduces to the classical calculus when uses limit and gives a 
different analytical ambience. In addition, ‘q-calculus’, being the calculus of finite differences, is 
more straightforward, systematic and transparent. Though, in the first decade of nineteenth century, 
Jackson studied it rigorously [1-3], it attained more attention due to its name after the emergence of 
quantum mechanics by Albert Einstein in 1905. Jackson developed the q-derivative and q—integral 
in a systematic way different from Leibnitz approach and hence, geometrical interpretation of the 
q-calculus has been recognized through studies on quantum groups [4]. 

In recent decades, a number of problems has been studied in different fields of mathematics, 
physics, statistics, and engineering using q-calculus [5-31]. As for example, a subsequent 
development in q -derivative and q -integral can also be useful to analyze physical systems in a 
different way as mentioned and described in Ref [9-12], partial q-difference equation is studied by 
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different methods like separation of variables, the techniques of Lie symmetry, and q-integral 
transforms [16-18]. In addition, q-calculus is applicable in the areas of ordinary fractional calculus, 
basic hypergeometric functions, the theory of relativity, q—difference and q—integral equations and 
in q-transform analysis [12, 18-23]. 

Nowadays, q —calculus makes a bridge between mechanics and physics. Occasionally, maximum 
scientists use q—calculus as a mathematical model are physicist and are using it in several modern 
field of research like ‘quantum Field Theory, Newtonian quantum gravity, Special and General 
relativity, Molecular and nuclear spectroscopy, and even in String theory [4, 32,33]. 

However, quantum calculus is popular today and may be considered as an extension of classical 
calculus discovered by Issac Newton (1643-1727) and G. W. Leibniz (1646- 1716). In the latter 
para, we shall discuss the primordial fact for its nomenclature. In fact, in q-calculus, the 
h —operator, and q —operator, are defined by, 


Dif (2) = Pern ate s0 
And, 
_ faz) -f2 
Df) = ~(q-bz œ (2) 


for real or complex zand h > 0. It gives us the exciting world of h—calculus and q-calculus, 
respectively. Here h stands for Planck’s constant and q stands for quantum calculus and the well- 
known relation is q = e" = e?™, 

The current work is mainly motivated by a recent series of works [4,29,34-36]. This paper basically, 
expands the boundaries of previous works by solving the Laplace’s equation with the help of 
different methods in quantum calculus. 


2. Quantum calculus preliminaries 
Let us first summarize, the essential basics of q- calculus, needed to solve the Laplace’s equation as 
we obtained in Ref. [32, 34-37]. 


Definition 1: In q-calculus, [m]; = = for any positive integer m such that lim [m] =m. 
= q> 

Hence, [0], = 0 and [1],=1. 

Definition 2: If f(t) is an arbitrary function, its q-differential is daf (t) = f (qt) — f (t) and the q- 


SEE ER d — x i 
derivative is Daf (t) = ff OO) . It is also to be noted that lim Df) = wo . Thus, 
q> 


dqt (q—1)t 
m — @ty™-(©)™ _ q™”—1 , m-1 _ m-1 
Dt” = ee see t = [m],t f 


Definition 3: The Jackson q-integral (definite) is given as 
a öö a 
h f@dgt = A- Da Xi, q'f (q'a) , Hence J, Daf ©dat = f(a) — f (0) 
Definition 4: The quantum factorial [m],! is defined as 
ais [O],!=1 
m]! = 
o Mra Mha 


Definition 5: Small q-exponential function e,(kx) is represented as, 


co 


l 
e (kx) = ` aa 


I=0 [m]! 


Definition 6: f eg(kx)d,x = = e4(kx) +c where c is a real constant. 


Definition 7: Considering their Euler expression of small q —exponential, the q-analogous sine and 
cosine functions can be expressed as 
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elmx — py —imx elmx + e7 mx 
sing(mx) = D and cos(mx) = EEE 
And, 
em = em em + em 
sinh, (mx) = 4 5 4 and cosh,(mx) = -= 
Definition 8: The q-derivative of a function f(x) is defined as, 
daf) _ fax) — fx) 
D = = ————_,0 1 
SO =F = a0 < lal < 
And the partial q — derivative of a function f (x1, x, X3 ...Xn) with respect to a variable x; is defined 


as, 
s- f Xz, X3, e Xis Xn) — f (X1, X2, X3 Xn) 
Xi (q ==, 1)x; 
ôf _ Daf 
Powfl, 0 ae = me OX; 
Definition 9: The second order partial q-derivative of a function f (x1, X, x3...%,) with respect to a 
variable x; is defined as, 
arf E 1 pie X3, -s Xi Xn) ne ere re 
On; (q-1)xi 05%: 
Feta Xp) — Ff Cia a) S Cian Xa T fX Xn) 
al @— Dar, ae | ee 
= [few Xz X3. Xi Xn) — (q + Df Æ X2, Kay GXi Xn) + WV gu X2, X3)] qq - DPX? 
2.1 Reduced q-differential transform method 
In order to solve partial differential equation, let us now define transformed function and q- 
difference inverse transform function as described in [29, 35]. 
In order to solve partial differential equation, let us now define transformed function and q- 


difference transform function as essential one. Suppose, all q-differentials of w(x, t) exist in some 
neighborhood t = q, the transformed function, 


Daxf = 5 ,X#0,0<q<1 


1 [aiw(x, t) 
Wi) =a ae 
[q!| age! me 
.. 3) 
And the q-difference inverse transform of W,(x) is defined as, 
w(x, t) = >. W(x)(t — T)! 
1=0 
.. (4) 


Thus substituting (3) to (4), we obtain, 


— T)! 


w(x,t) = 


al w(x, t) 
> Til he ðt’ | 


ð a t) 


Now att = 0, if, f (x, t) = , then from (3) 


1 alf (x, t) 1 ð! 0 w(x, t) 1 ðq ð! 
nO =T ae e Mh! TEER a. 34x \|_- h! cape a,c off 
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sees Oeil A at r Dey 
w = e ) T aF x i(x) 
.. (5) 
Again, T = 0, if, f (x,t) = i a , then from (3), 
B awx, t] 1 [0% (kwl, t) -Aa fa" 
Posmi ae |, "Millage e l- lane 
[L+ k]! 1 g a ! 
7 UAA h lä g" p| = Ia! Mi 
Thus, 
F(x) = [L+ 1] ll + 24l + 3]q---[l + klaW iym) 
.. (6) 


3. Solution to Laplace’s Equation in quantum calculus 

Laplace’s equation is one of the ubiquitous equations in mathematical and physical science. 
Specifically, to solve boundary value problems in electrostatics, it gives unique solution under 
suitable boundary conditions and the solution must satisfy superposition principle. It can be 
formulated in different coordinate system depending on the involvement of the geometry. However, 
for convenience, we consider the 3-D cartesian coordinate for simplicity and the equation may be 
written as, 


G a’v 
F = i 


The general solution can be obtained by separation of variable method considering the solution as 
described in [39, 40] 


3 
V(xq,X2,X3) = | [xe vee (8) 
i=] 


And the factorized solution can be written as, 

cos(k1x1)) (cos(k2X2)) | exp (k3x3) 
ata jata 6) 

sin(k1x1)) (sin(k2x2)) (exp ( — k3x3) 

Where, X1,%2,X3 are the three cartesian co-ordinates, and k1, k2, k3 are constant to be determined 


Vki kz k Xa X2 X3) = f 


from particular boundary conditions and k3 = (kt + Ky? . It is possible to represent the last 
factor of the right-hand side of (9) in terms of sinh and cosh form. It is also to be noted that, (9) is 
the basic solution from which we can find out the actual or exact solution to the boundary value 
problem. 
On the other hand, in 2-D, if we consider the ‘separation constant’ x”, Laplace’s equation reduces 
to 
1 X(x) 1 PX) 
Xa) dx? Xxx) dé 


... (10) 
Then, we can obtain the factorial solution as mentioned in Table 1. Here in (10), it is observed that 
the solution can have only one constant (let it be k) depending the nature of which solutions are to 
be obtained in different factorized form as mentioned in Table 1. 
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Table 1: 2-D solution (cartesian) of Laplace’s equation 


K2=0 K2<0,K>jK K >o 
coshk'x | (cosk xz COSKX1) (coshkxz 
a el o [s inza ( a 
coshk x, | (sink x2 sinkx,) (coshkx, 
= esl ee ee cd 
ek “} sink X> pelea a) 
ae ek x1 omen ese 
A e~“ “) COSK'X3 COSKX1 oa 
constant ok x1 H sink x, eee ms 


But, if we consider V as an analytic function such that both the real and imaginary part satisfy the 2- 
D Laplace’s equation, then the real part of the solution in polar co-ordinate must be a logarithmic 
function and can be written as in ref. [39,40], 


Veal = logr nw (11) 


3.1 Solution to 2-D Laplace’s equation using reduced q-differential transform method 
The 2-D Laplace’s equation in view of quantum calculus can be written as, 


O2V (x1, X2) __ dav (x1, X2) 


OgX2? 04X1? 
oe (12) 
In order to solve the equation, let the boundary conditions are 
VŒ 0) = f (k1x1), ky + 0 
az (13) 
qaq (Xi 0) _ 
04X2 7 
.. 04) 


Here, k4 is constant to be determined from boundary conditions. 

Thus, letting, t = 0, remembering reduced q-differential transform method (as discussed in section 
2.1), and rearranging (12), the x-part of the solution could be obtained. And (12) can be rewritten 
as, 


02W,,(x1) 

[p + 1l [p + 2]gWyi2(%1) pee ce 
.. (15) 

Now, as [1], = 1 
Wo(%1) = f (k1x1) 
.. (16) 
W(x) =0 

g(t) 


As the solution to the Laplace’s equation will be unique one, we consider the function f (kx1) to be 
periodic and single valued then f™ (x1) = k} f (x1) 


Wo (x1) _ fF (kax) _ fO (kax) _ kif aa) _ kiWo 1) 


W200) = e eZ L [2]: [2], 
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.. (18) 
W3(x) = 0 
.. (19) 
kîWo (x1) 
W(x) = ———— 
=a 
.. (20) 
wWs(x) = 0 
.. (21) 
mE k$ÎWo(x1) 
° [6]! 
.. (22) 
As the solution to the Laplace’s equation must obey the superposition theorem, Thus 
VC x2) = X Wp) (kaa)" 
n=0 
.. (23) 


Here, we introduce a second constant k, to make k2x2 dimensionless. Hence, 


Vi@Œ1 x2) = Wo(x1) + kzx2W1 (x1) + k3x3W (x1) + k3x3W3 (x1) + kłxĝW 4 (x1) + kž3x3W5 (x1) 
+ k$ x$ W; (x1)... 


aes: k$ 
Venz = Won [1+ a a 4 
1 A [6lo! 
.. (24) 
Va (%1,X2) = Wo (xq) sinhg(k2Xx2) 
.. (25) 


k1x1 


Now the solution depends on the choice of Wọ(x1), Let it be, A eg" ", Then the exact solution 


becomes, 
Vq(%1,%2) = Aes! sinhg(k2x2) 

.. (26) 
Here, A is a constant to be determined from proper boundary conditions and (26) represents 
similarity with one of the factorized solutions as displayed in the Table-1. Thus, considering the 
actuality of the boundary value problem, we can find out different factorized solution using 
quantum calculus. For example, if we use, V(%1,0) =0, and d,V,(%;,0) /0qX2 = 
(sinpx)/p,p+0 „in (13), and (14) respectively, then the solution will be, 
(sinpx,sinh,pt) /p* see ref. [30]. 


3.2 Solution to 3-D Laplace’s equation using q-separation of variable method 

In this section, we will solve 3-D Laplace’s equation using q-separation of variable method as 
discussed in ref. [29]. In view of quantum calculus, three-dimensional Laplace’s equation can be 
written as, 


OT 


Here, Vg = V,(%1, X2, x3) , remembering ‘Definition 9’, and substituting 2 Thwe obtain 
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Vqg(q?x1, X2, Z) + Vg (x1, q7X2, X3) + Va (x1, X2,9q°X3) 


— (q + 1){Vq(qx1,%2,%3) + V (x1, 4X2, x3) + Vq(x1,%2, 9X3)} 
+3qV (x1 X2 x3) = 0 


.. (28) 
Introducing the method of separation of variables, considering V¿(@Œ1 x2, x3) = 
Xı(x1)X2 (x2)X3 (x3) and substituting all the similar forms of 
V(q?x1, X2, Z), V (q? x1, X2, Z), Vera, qx3), we obtain, 
X ;(q?xi) X;(qXi) 
—(q+1) + 3q|=0 
3 or XG) XD 
.. (29) 


In order to solve (28), intuitively we take the resulting function to be logarithmic Thus, we can say, 

X,(x)) = Z094, X (qx;) = clog: = (X,(x;), and X;(q*x;) = ¢°X;(x;). Hence, after substitution of 

these X;(x;), X;(qx;), and X;(q*x;) in (28), we obtain the characteristic equation as, 
?—(q+1)¢+q=0 


.. (30) 
As, q, and 1 are the two roots of this equation, the quantum solutions of (27) are, 
3 
v=) Bias „$ =q 
i=1 
.. 81) 
And, 
3 
v=) Bi ; lo Ge f= 1 
i=1 
.. (32) 


Where, f; , are constant to be find out from boundary conditions. 

3.3 An alternate approach to solve Laplace’s Equation 

In last two sections, we describe two different ways to solve 2-D and 3-D Laplace’s equation. This 
equation can also be solved by using a different technique in quantum calculus. In view of quantum 
calculus, (7), and (10), can be rewritten as, 


3 
GA 
iis ... (33) 
= 
1 dX (x1) _ 1 di X (x2) _ 
Xa) dx Xn(%_) d 


2 


.. 34) 
For simplicity, we consider (34) and assume the solutions are, 


o0 


X4(X1) = ` anxi 


r=0 


X2(X2) = > b,X5 


r=0 
And after a few steps, we can easily find out any one of the factorized solutions as displayed in 
Table 1. 
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4. Analysis and applications 

First of all, we investigate the solution to well-known Laplace’s equation using different techniques 
as used in quantum calculus. As we said earlier, recently a number of physicists is using this plain- 
dealing quantum calculus in several fields to find out and understand the solutions in a better way. 
As a consequence, different techniques of q —calculus are seeming to be important to solve 1-D, 2- 
D, and 3-D differential equations as a basic theoretical requirement. Maximum of techniques, used 
in q-calculus are usually dealt with series solution method. Another attribute of quantum solution is, 
it reduces to the classical solution if and only if q > 1. In addition, correctness of dimension of the 
q-solutions is another major issue in physics while mathematician do not take it as an urgent one. 
Therefore, in time of using new type of calculus in physics and engineering, dimensions of all the 
parameters should be taken care of. 

In conventional calculus, factorized solution of 3-D, and 2-D Laplace’s equations are represented in 
(9) and as mentioned in (11) and Table 1. Furthermore, small q-exponential e,(+kx) > ek* when 
q>1 , and therefore, sin,(mx) > sin (mx), cos,(mx) > cos (mx) and sinh,(mx) > 
sinh (mx), cosh,)(mx) > cosh (mx) when q > 1. Therefore, all their corresponding quantum 
solutions (26), (31), and (32) will reduces to their classical form when q > 1. 

Secondly, the dimensions, of x; 's are basically [L], hence, the dimensions of all k;'s , a@;'s, and K 
are [L]~!. Hence all the exponentials, sine, cosine, sinh and cosh are dimensionless. Thus, there is 
no issue regarding the dimensions of the solutions. 


CONCLUSION 

In this paper, we have made a brief review about the developments of quantum calculus in diverse 
areas of physics, mathematics, and engineering. This work can be treated as a guidance to explore 
the applicability of quantum calculus in solving 2-D, 3-D differential equations often we see in 
physics and mathematics. 

In this work, the quantum calculus is applied to solve 2-D, and 3-D Laplace’s equation. The 
quantum solutions to the Laplace’s equation have been described as they obtained from three 
different techniques. The validity of those solutions is also discussed by confirming the fact that 
those solution reduces to their classical form in a particular limiting situation q tends to 1, and then 
the accurateness of the dimensionality of the obtained solutions has been proved. Moreover, the 
main aim of this article is to show that, quantum calculus can be considered as a new pedagogical 
tool in introductory mathematical physics course. 
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